ABSTRACT In this paper, we address the consensus problem of second-order multi-agent system with sampled-data and packet losses. A Bernoulli stochastic variable is used to characterize the random packet losses in second-order multi-agent system with sampled-data information, in which packet losses are modeled in a successive way. Based on the matrix exponential and stochastic analysis techniques, several sufficient conditions are given to ensure the almost surely synchronization of second-order multi-agent networks with sampled-data and packet losses, where the graph among the agents is a directed network containing a directed spanning tree. Additionally, we further investigate the almost surely consensus for such system containing time-delays and packed dropouts. On this occasion, the communication graph among the agents is represented by an undirected connected graph. Furthermore, it is found that the probability of packet losses and the modulus of eigenvalues of the Laplace matrix play a vital role in achieving almost surely consensus. In the end, the developed results are applied to the coordination of multiple vehicles. Two examples are provided to illustrate the effectiveness of our results.
I. INTRODUCTION
Multi-agent systems can represent various practical systems in nature and human society, such as satellites, unmanned air vehicles and internet of things [1] - [3] , [9] , [19] . The most important issue in the area of analysis of multi-agent systems is to design appropriate distributed control strategies based on only local relative information that can ensure the states of the agent system to emerge a coordinated behavior [4] , [10] . Particularly, the coordination analysis of multi-agent systems with second-order dynamics has attracted much attention recently, due to its wide range of applications in cooperative control of nonlinear systems [5] , formation control of mobile robotic manipulators [7] and flocking [8] .
On another research frontier, sampled-data control theory has gained considerable attention in control area, since modern industrial control systems usually adopt digital techniques for either digital components used in implementation or logic and decision making encoded in control algorithms [6] , [11] . In order to consider digital transmission among agents, it is desirable to consider the consensus analysis of multi-agent systems under sampled-data information [6] , [12] . Recently, several initial attempts have been made to examine the consensus of multi-agent systems with periodic sampling. In [13] and [14] , the sampled-data consensus problem was addressed for second-order agents in a sampled-data setting.
On the other hand, time delay is an important factor that widely exists in practical systems due to the information transmission in networks [15] , [16] . It is well known that time delays, may result in oscillatory behavior [17] , network instability, periodic oscillation and even chaos [21] . Recent works have advanced the research for the consensus of multi-agent sampled-data systems with time delays. For example, [23] considered second-order consensus of undirected networks with sampled data and time-delays, and the consensus regions were characterized for the spectra of the Laplace matrix. Reference [14] examined the consensus problem for sampleddata second-order mobile agents connecting through a network with random communication delays. In [24] , the problem of consensus was investigated for sampled-data multiple dynamic agents with communication delays.
In addition to network-induced constraints like time delays and sampled data, another phenomenon, packet dropouts/losses, usually appear in unreliable channels of networked control systems due to network traffic congestions and packet transmission failures. Recently, there have been several works concentrating on stabilization of networked control systems with random packet dropouts, in which packet dropouts are usually characterized by a random variable satisfying a probability distribution. A popular approach is to model packet losses via a Bernoulli binary switching due to its simplicity [25] , because Bernoulli packet losses can describe a significant number of link packet losses [22] . For packet losses described by a Bernoulli variable, the corresponding Markov chain has two states to obey a probability distribution. In [22] , packet losses are modeled by using a discrete-time binary Markov model in unreliable communication.
Although stability/stabilization of networked control systems with packet dropouts has received much attention, packet losses in multi-agent systems have attracted comparatively less attention primarily, since an appropriate modeling approach is lack and there exist some difficulties residing in mathematical derivations. Actually, packet-dropouts in multiagent systems are prone to occurring, since each agent might receive different information from its neighbors at certain instant leading to the natural emergence of transmission congestions and disorders. Besides, how to tackle the coexistence of packet losses and other two typical network-induced constraints sampled-data and time delays in multi-agent systems still remains open.
In consequence of the above discussion, we aim to study the consensus problem for second-order sampled data multiagent systems with packet losses. The protocol is sampled to transmit to each agent, while packet dropouts may happen according to a Bernoulli stochastic variable. Once the packetdropouts occur, the previous sampled-data protocol is used for compensating the missing measurements. In addition, we further extend our results to sampled-data protocols with both time-delays and packet dropouts. The main contributions of this paper are the following ones: 1) The almost surely consensus problem is investigated for second-order systems with or without time-delays by using matrix exponential and stochastic analysis techniques; 2) Compared with existing literatures concerning sampled-data multi-agent systems [18] , we consider sampled-data consensus with successive packet dropouts, and present the criteria for ensuring the almost surely consensus of second-order systems. In particular, the most related works are [23] and [29] . Our results differ from [23] and [29] in the aspects of the model and the results. The model here renders a more general one due to the consideration of successive packet dropouts and hence the results are derived in almost sure sense. In addition to the model difference, our mathematical derivation is distinct as we have to recursively obtain the discretization state when taking into account successive packet dropouts. We also illustrate how the probability of packet dropouts affects consensus conditions. In addition, different from [14] , we adopt a successive way to describe packet losses via a Bernoulli variable, whose advantage is to compensate packet losses by using the latest successfully transmitted sampled data.
An outline of this paper is shown as follows. In Section II, we give some preliminaries. In Section III, the consensus problem is discussed for second-order multi-agent systems with sampled data and packet losses. In Section IV, our main results are presented for consensus of second-order sampled-data multi-agent systems with packet losses and time-delays. The simulation results are presented in Section V. Finally, in Section VI, concluding remarks are provided.
Notations: Throughout this paper, let G = (V, E, A) be a weighted digraph (or directed graph) of order N with the set of nodes V = {v 1 , . . . , v N }, set of edges E ⊆ V × V, and a weighted adjacency matrix A = [a ij ] with nonnegative adjacency elements a ij . Let R(u), L(u) and |u| be the real part, imaginary part and module of the complex number u, respectively. Letū be the conjugated complex number of u, H * be the Hermitian matrix of the matrix H . And let · be the Euclidean norm, 0 
be the combination, which means taking m from k elements.
II. PRELIMINARIES
In this section, some basic concepts and model formulation are introduced. The multi-agent sampled-data dynamical system with second-order dynamics was presented in [27] and [29] :
where x i ∈ R n and v i ∈ R n are the position and velocity states of the ith agent (node), respectively, α > 0 and β > 0 are the coupling gains, t k are the sampling instants satisfying
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where T > 0 is the sampling period. In the following, n = 1 is considered throughout the paper, but all the obtained results can be naturally generalized to the case with n > 1 via Kronecker product [26] .
In the following, we consider packet losses in our sampleddata protocols to describe unreliable transmissions in networked environment. Consider (1) with successive packet losses:ẋ
We describe data losses in unreliable communication by using a Bernoulli stochastic variable γ k . More specially, in (2) , if γ k = 1 then the position and velocity states are successfully transmitted to the agents; if γ k = 0 then the transmission of protocols is viewed as a failure, and in the hold-input strategy [20] , the previous successfully transmitted input is used to compensate the missing information of the current control input. And this kind of hold-input strategy is similar to the idea in [22] . By using this formulation, the sampleddata protocol is considered together with packet dropouts, which is a natural modelling way to include such two kinds of network-induced constraints into a framework. Here we assume u i (t −1 ) = 0. Let the probability of γ k be
Remark 1: It is worth mentioning that the phenomenon of packet dropouts is of paramount importance to influence the stability of various networked control systems [25] . Here, we consider successive packet dropouts in the multiagent framework, which means that the packet is lost at t k would be compensated by the last successful transmitted one. Apparently, this setting is more efficient than the case of [10] , as the mechanism here efficiently employs the existing information in the network. In addition, to the best of authors' knowledge, this is the first attempt to model multi-agent systems by simultaneously considering successive packet dropouts and sampled-data. Therefore, the purpose of this paper is to shorten such a gap by investigating the consensus of multi-agent systems with sampled data and successive packet losses. From (2), we can see that γ k is the same for every agent. It can be extended to heterogenous packet dropouts by utilizing linear matrix inequalities (LMIs), which is an interesting research topic in the future.
Remark 2: The system (2) is considered with successive packet losses, sampled position and velocity data. When p = 0, the system (2) reduces tȯ
When p = 1, system (2) becomes (1), which was studied in [23] , [27] , and [29] . This shows that the system (2) is more general than the above results. In particular, our model encompasses [23] and [29] .. In addition to the difference residing in the model, we also have the following distinct aspects: 1) Due to the consideration of successive packet dropouts, our results are derived in almost sure sense, which is different from the deterministic one in [23] and [29] .; 2) The mathematical derivation is derived in a recursive way to fully consider the impact of successive packet dropouts. As can be seen in the following, the derivation is not trivial and different cases have to be taken into account; 3) In our main results, the interplay between the probability of packet dropout, sampling period and time-delay will be illuminated clearly.
Remark 3: In [14] , occasional packet losses were reflected on the interaction topology, in which the topology was modeled as a Bernoulli switching topology. Different from [14] , our model considers packet losses in the sampled data protocol in a successive way. The previous sampled data will be transmitted to agents for the compensation of packet losses caused by unreliable communications in a networked environment when the current sampled data is lost. In the following, we will use matrix exponential and stochastic analysis techniques to investigate the consensus problem of the addressed second-order systems with or without timedelays.
Definition 1: The consensus of multi-agent system (2) with second-order dynamics is said to be reached almost surely (a.s.) if the following conditions are satisfied
Lemma 1 [27] : The Laplacian matrix L has a simple eigenvalue 0 and all the other eigenvalues have positive real parts if and only if the directed network has a directed spanning tree.
Lemma 2 [28] : The Kronecker product ⊗ has the following properties: for any matrices A, B, C and D with appropriate dimensions,
III. CONSENSUS OF SECOND-ORDER MULTI-AGENT SYSTEMS WITH SAMPLED-DATA AND PACKET LOSSES
In this section, the connection graph among agents is represented by a directed network G containing a directed spanning tree. It will be shown that, under certain conditions, the consensus can be reached almost surely for second-order multiagent systems with sampled data and packet losses.
system (2) can be rewritten aṡ
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Let ξ = (ξ T 1 , . . . , ξ T N ) T and rewrite system (6) in a compact formξ
Let J be the Jordan form associated with the Laplacian matrix L, i.e., L = QJQ −1 , where Q is a nonsingular matrix. By Lemma 2, one haṡ
where
, where
in which µ σ are the eigenvalues of L, with multiplicity N σ , σ = 1, 2, . . . , r and
By Lemma 1, if the network G has a directed spanning tree, 0 is a simple eigenvalue of the Laplacian matrix L, soη
The following two lemmas are useful to present our main results, which are based on the lemmas in [29] . Here, we extend them in almost sure sense.
Lemma 3: Assume that the network G contains a directed spanning tree. Then, the second-order consensus in system (2) can be reached almost surely if and only if
Proof (Sufficiency): Since the network G has a directed spanning tree,
N is the unit right eigenvector of L associated with the simple eigenvalue µ 1 = 0, where LQ = QJ and Q = (q 1 , . . . , q N ). From (10), one has
where η 1 (t) satisfies (9) . Therefore, the second-order consensus of system (2) is realized almost surely.
(Necessity). If the second-order consensus in system (2) can be achieved almost surely, then there should exist a vector ξ (t) ∈ R 2 such that lim t→∞ ξ (t) − 1 Nξ (t) = 0 a.s., then, one gets
and from the Jordan form J and 0
Lemma 4: Assume that the network G has a directed spanning tree. Additionally, the consensus in secondorder system (2) can be reached almost surely if and only if N − 1 systems are almost surely asymptotically stablė
Proof: (Necessity). If lim t→∞ η i (t) = 0 a.s., i = 2, . . . , N , then the N − 1 systems (10) are almost surely asymptotically stable as the variables in (10) are the first term of each Jordan block in system (7).
(Sufficiency). It suffices to prove that if the N − 1 systems (10) are almost surely asymptotically stable, then lim t→∞ η i (t) = 0 a.s., i = 2, . . . , N . From the structure of the Jordan form J , the asymptotical behavior of system (7) is governed by the diagonal terms. Hence, the conclusion follows.
In the following, we will present the main results of this paper, which can be used to study the consensus of secondorder multi-agent systems with sampled data and packet losses.
Theorem 1: Suppose that the network G has a directed spanning tree. Then, the consensus of the multi-agent system (2) can be reached almost surely if
, λ H are the solutions of the following equation
Proof: From (11), it follows that (e −At y i (t))
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By some computations, one obtains e At = 1 t 0 1 . Integrating both sides of (13) from t k to t, one has
it is easy to see that H (t) and F(t) is bounded on [0, T ] for
then
When k = 1, it is easy to obtain y i (t 1 ) = H (T )y i (t 0 ), y i (t −1 ) = 0; when k = 2, one yields
when k = 3, one has
Therefore, by analogy and the mathematical derivation, y i (t k ) is obtained as follows:
and from (15)- (17), we discuss y i (t) in the following two cases:
Case i) When k = 2m, m = 1, 2, . . . , it follows from (15) and (17) that
Let 
Then, it is obtained from (18) that
y i (t) ≤ a k y i (t 0 ) H (t − t k ) H k (T ) + H k−2 (T )F(T ) + . . . + F m (T ) + b k y i (t 0 ) F(t − t k ) H k−1 (T ) + H k−3 (T )F(T ) + . . . + H (T )F m−1 (T ) .(19)
It can be proved that H (T ) = 0. If H (T ) = 0 if and only if H (T ) ≡ 0. In fact H (T )
= 0, then H (T ) = 0. From (19), let α = H (T ) −2 F(T ) , we get H k−2 (T )F(T ) ≤ α H k (T ) , H k−4 (T )F 2 (T ) ≤ α 2 H k (T ) , H k−6 (T )F 3 (T ) ≤ α 3 H k (T ) , · · · · · · F m (T ) ≤ α m H k (T ) .
In (19), let
Therefore, by substituting (20) and (21) into (19) , it follows that (15) and (17) that
From (23), let
and it is checked that
wherê
Then, we get from (23) and (24) that
since H (T ) , F(T ) are bounded, and when t ∈ [t k , t k+1 ), (22) and (25) 
We then solve equation (26), and make its solutions λ H satisfy 
It can be found that, (T ) has an eigenvalue λ 1, = 0, and the other one λ 2, = 2f (T ). Then F(T ) < 1 a.s., if and only if
where p = E(γ k ). One finally gets
where σ = √ 2 2T |µ i | T 2 /4 + 1 . Finally, according to |E(λ H )| < 1 and (26), it is obtained that lim t→∞ y i (t) = 0 a.s., i.e., the N − 1 systems in (10) are almost surely asymptotically stable. By Lemma 4, the consensus of second-order multi-agent system (2) is then reached almost surely. The sampling period T plays a key role in consensus of second-order multi-agent systems with sampled data and packet losses. It is still unclear from Theorem 1 how to choose an appropriate sampling period T . The following result is to provide an answer to this question.
Actually, from (26) , it is easy to obtain
. . , N , and with |E(λ H )| < 1,
and T = N i=2 T i . It is well known that g i (T ) = 0 has at most four roots and the equation (25) has at most two roots λ H which means that T i can be easily solved. Then, we will present a corollary for the choice of the sampling period.
Corollary 1: Suppose that the network G contains a directed spanning tree. Then, the consensus of the secondorder multi-agent system (2) can be reached almost surely if the sampling period T ∈ T .
IV. CONSENSUS OF THE SECOND-ORDER MULTI-AGENT SAMPLED-DATA SYSTEM WITH TIME-DELAYS AND PACKET LOSSES
In this section, the communication graph among the agents is represented by an undirected connected graph G. The consensus problem is discussed for second-order multi-agent sampled-data system with packet losses and time-delays.
Consider a second-order multi-agent sampled-data system with packet losses and time-delays as follows:
where τ > 0 is a known constant time delay, which indicates the input time-delay.
system (29) can be rewritten aṡ
Let ξ = (ξ T 1 , . . . , ξ T N ) T and rewrite system (30) in a compact form:ξ
Here, we only consider the case of undirected networks, i.e., L is symmetric and J is a diagonal matrix with real eigenvalues.
By the same calculation, we also get that the almost surely asymptotical behavior of the system (29) is governed by the almost surely stability of the system:
Theorem 2: Suppose that the network G is connected and τ < T . Then, the consensus of the second-order multi-agent system (29) can be reached almost surely if
. . , N and p = E(γ k ), λ are the solutions of the equation
Proof: From (33), it follows that (e −At y i (t)) = −e −At µ i γ k By i (t k − τ )
Integrating both sides of (35) from t k to t, one gets
t k+1 − t k = T and τ < T , one has
and let
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It follows that
By recursion, z i (t k ) is also obtained as follows:
and we also discuss z i (t) from (38) for the following two cases:
wherē
Case ii) When k = 2m − 1, m = 1, 2, . . . , it follows from (38) and (39) that wherê 
We see that (T ) has an eigenvalue λ = 0, and solve the following equation:
and make all solutions λ of (43) satisfy |E(λ )| < 1. b) Then, we discuss the condition (T ) < 1 a.s.. Since (T ) < 1 a.s., if and only if all eigenvalues λˆ ofˆ (T )
. Let det(λˆ I 4 −ˆ (T )) = 0. It is easy to see thatˆ (T ) has eigenvalues λ 1,ˆ = λ 2,ˆ = λ 3,ˆ = 0, and λ 4, = 2ψ(T ). Then (T ) < 1 a.s., if and only if
where p = E(γ k ). From (45), we get
Finally, according to (46) and |E(λ )| < 1, it is obtained that lim t→∞ z i (t) = 0 a.s., i.e., the N − 1 systems in (33) are almost surely asymptotically stable. By Lemma 4, consensus of the second-order multi-agent system (29) can be reached almost surely.
Remark 4: In Theorem 2, a sufficient condition is established for the second-order multi-agent system (29) . When p = 0, system (29) reduces tȯ
When p = 1, the second-order system (29) becomeṡ
which was widely studied in [5] , [21] , and [29] . This shows that second-order multi-agent system model (29) is more general than those ones.
From Theorem 2, it is not clear how to choose the sampling period T , we give the following algorithm to get T .
Algorithm: The maximal allowable T guaranteeing consensus in Theorem 2 can be obtained from the following three-step procedure: 1) For µ i , i = 2, . . . , N , set T i = T 0 and the step size σ = σ 0 , where T 0 and σ 0 are specified positive constants.
2) Search p ∈ [0, 1] such that (34) holds. If the conditions are satisfied, set T i = T i +σ 0 and return to step 2). Otherwise, stop and T i is the maximal allowable sampling interval for µ i .
3) T max = min{T i |i = 2, . . . , N }.
V. NUMERICAL EXAMPLES
In this section, we present simulation results to illustrate the theoretical results derived in this paper. Example 1: We consider a team of five vehicles with the directed graph G shown in Fig. 1 . Note that G has a directed spanning tree.
The asymmetric Laplace matrix L associated with G is chosen as 
VI. CONCLUSION
In this paper, we have analyzed the consensus of multiagent systems with second-order dynamics, sampled data and packet losses. Firstly, the second-order multi-agent system model is constructed including sampled data and packet losses. Additionally several conditions are presented to ensure the addressed second-order multi-agent system to reach consensus almost surely. Then, the consensus problem is solved for second-order sampled-data multi-agent systems with packet losses and time-delays. Furthermore, the probability of packet losses and modulus of the eigenvalues of the Laplace matrix are vital in reaching consensus. The consensus problem will be our further research for a directed graph with time-varying delays and switching topologies, and we will also seek to find more simple mathematical derivations [30] .
